In the present paper, we obtain some characterizations for a certain generalized Bessel function of the first kind to be in the subclasses S P T (α, β), UCT (α, β), PT (α) and CPT (α) of normalized analytic functions in the open unit disk U. Furthermore, we consider an integral operator related to the generalized Bessel Function which we have characterized here.
Introduction
Let A be the class of functions f normalized by f (z) = z + ∞ n=2 a n z n , (1.1) which are analytic in the open disk U = {z : z ∈ C and |z| < 1}.
We denote by T the subclass of A consisting of functions of the form:
a n z n (a n 0).
Let T * (α) and C(α) denote the subclasses of T consisting of starlike and convex functions of order α (0 α < 1) (see [16] ), respectively. In 1997, Bharati et al. [5] introduced the following subclasses of starlike and convex functions. Definition 1.1. A function f of the form (1.1) is said to be in the class S P T (α, β) if it satisfies the following condition:
and f ∈ UCV(α, β) if and only if z f ∈ S P (α, β).
Definition 1.2.
A function f of the form (1.1) is said to be in the class P(α) if it satisfies the condition:
and f ∈ CP(α) if and only if z f ∈ P(α). We write
Bharati el al. [5] showed that
In particular, we note that UCV(1, 0) is the class of uniformly convex functions given by Goodman [10] . For more interesting developments of some related subclasses of UCV(α, β), the readers may be referred to the works of Goodman [11] , Ma and Minda [12] and Rønning (see [14] and [15] ). Recently, Baricz [1] defined a generalized Bessel function ω p,b,c ≡ ω as follows:
which is the particular solution of the following second-order linear homogeneous differential equation:
which, in turn, is a natural generalization of the classical Bessel's equation. Solutions of (1.4) are regarded as the generalized Bessel function of order p. The particular solution given by (1.3) is called the generalized Bessel function of the first kind of order p. We also note that the function ω p,b,c is generally not univalent in U, although the series defined above is convergent everywhere. Now, we consider the function u p,b,c (z) defined by the following transformation:
By using the well-known Pochhammer symbol (or the shifted factorial) defined, in terms of the familiar Gamma function, by
we can express u p,b,c (z) ≡ u as follows:
Then the function u p,b,c is analytic on C and satisfies the following second-order linear differential equation:
The study of the generalized Bessel function is a recent interesting topic in geometric function theory. We refer, in this connection, to the works of Baricz (see [1] , [2] , [3] and [4] ) and Cho et al. [6] and Mondal and Swaminathan [13] and Deniz et al. ([8] and [9] ) and others (see [7] and [18] ). The corresponding developments involving the Struve functions can be found in the recent investigation by Srivastava et al. [17] .
In the present paper, we determine sufficient conditions for zu p to be in S P T (α, β) and UCV(α, β) and also give necessary and sufficient conditions for z(2−u p ) to be in the function classes S P T (α, β), UCT (α, β), PT (α) and CPT (α). Futhermore, we consider an integral operator related to the function u p . Throughout this paper, we will use the following notation for convenience in (1.5):
Main Results
To establish our main results, we need the following Lemmas due to Bharati et al. [5] .
Lemma 2.1. (see [5] ) (i) A sufficient condition for a function f of the form (1.1) to be in the class S P (α, β) is that
and a necessary and sufficient condition for a function f of the form (1.2) to be in the class S P T (α, β) is that the condition (2.1) is satisfied.
(ii) A sufficient condition for a function f of the form (1.1) to be in the class UCV(α, β) is that
and a necessary and sufficient condition for a function f of the form (1.2) to be in the class UCT (α, β) is that the condition (2.2) is satisfied.
Lemma 2.2.
(see [5] ) (i) A a necessary and sufficient condition for a function f of the form (1.2) to be in the class PT (α) is that
(ii) A necessary and sufficient condition for a function f of the form (1.2) to be in the class CPT (α) is that 
Theorem 2.1. If c < 0 and m > 0, then zu p ∈ S P (α, β) if
Proof. Since
by virtue of (i) in Lemma 2.1, it suffices to show that
by simple computation, we get
Therefore, we see that the last expression (2.7) is bounded above by 1 − β if (2.6) is satisfied. Proof. Since
by using the same techniques given in the proof of Theorem 2.1, we have immediately Corollary 2.1.
Theorem 2.2.
If c < 0 and m > 0, then zu p ∈ UCV(α, β)
by virtue of (ii) in Lemma 2.1, it suffices to show that
we can rewrite the above terms as follows:
Therefore, we see that the last expression is bounded above by 1 − β if (2.8) is satisfied.
By using a similar method as in the proof of Corollary 2.1, we have the following result. 
In the next theorems stated below, we obtain results of similar types in connection with a particular integral operator I(c, m; z) given by The remaining part of the proof of Theorem 2.5 is similar to that of Theorem 2.1, and so we omit the details.
Similarly, by virtue of (ii) in Lemma 2.2 and Theorem 2.3, we have the following theorem. 
Concluding Remarks and Observations
In our present investigation, we have successfully derived several characterizations for a generalized Bessel function of the first kind, which is defined by (1.5), to be in the subclasses S P T (α, β), UCT (α, β), PT (α) and CPT (α) of normalized analytic functions in the open unit disk U. We have also considered the integral operator (2.11) which is related to the generalized Bessel Function in (1.5) characterized here.
